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I, INTRODUCTION 
The compressible laminar  boundary l a y e r  on a yawed c i r c u l a r  cone 
i n  supersonic flow has been t h e  ob jec t  of s e v e r a l  i n v e s t i g a t i o n s .  One 
reason f o r  t h i s  i s  t h a t  t h e  c ixcular  cone i s  a good approximation f o r  
t h e  nose po r t ion  of a poin ted  supersonic a i r c r a f t  fu se l age  o r  m i s s i l e ,  
It is  thus  d e s i r a b l e  t o  have some knowledge of t h e  flow f i e l d  and h e a t  
t r a n s f e r  r a t e s  about a yawed cone co he lp  i n  design cons idera t ions  of 
such bodies ,  Therefore t h i s  r e p o r t  w i l l  cons ider  both t h e  flow f i e l d  
and hea t  t r a n s f e r  a s soc i a t ed  with t h e  laminar  boundary l a y e r  of a 
cone at small  angles  of a t t a c k ,  
I?. K O  Moore (Ref, 1 )  was t h e  f i r s t  t o  develop t h e  governing 
equat ions app l i cab le  t o  t h e  compressible laminar  boundary l a y e r  about 
a genera l  con ica l  body i n  supersonic  flow. In  t h a t  r epo r t  Moore con- 
s ide red  t h e  boundary l a y e r  equat ions i n  i m p l i c i t  co-ordinates and 
appl ied  Howarth-Mangler and s i m i l a r i t y  t ransformations t o  ob ta in  a 
form of t h e  boundary layer equat ions app l i cab le  t o  cones i n  super- 
son ic  flow. Using these  governing equat ions he then considered t h e  
case  of an i n s u l a t e d  cone with a P r a n d t l  number of one, I n  re ference  
2 ,  Moore employed a pe r tu rba t ion  a n a l y s i s  about ze ro  angle  of a t t a c k  
t o  f i n d  s o l u t i o n s  t o  t h e  governing equat ions f o r  s m a l l  angle  of a t t a c k ,  
These s o l u t i o n s  may be app l i ed  around t h e  e n t i r e  cone, For cones a t  
l a r g e  angle of a t t a c k  he obcained exact solutions to t h e  s e t  of non- 
l i n e a r  ord inary  d i f f e r e n t i a l  equat ions (Ref, 3 ) ,  However, t h e s e  
s o l u t i o n s  a r e  r e s t r i c t e d  t o  t h e  plane of symmetry, For l a r g e  angles  
of a t t a c k  t h e  a n a l y s i s  f a i l e d  t o  g i v e  unique s o l u t i o n s  on t h e  leeward 
s i d e  o f  t h e  cone, Beyond a  ce r t azn  angle  of  a t t a c k ,  t h e  boundary 
l a y e r  flow no longe r  e x i s t e d  i n  t h e  plane of synunetry poss ib ly  i n d i e a t -  
i n g  t h e  occurence of  sepazatxon, 
Reshotko ( R e f ,  4 )  re laxed  t h e  condi t ion  of  an i n s u l a t e d  cone f o r  
t h e  l a r g e  ang le  o f  attack. ca se ,  and consequently determfned t h e  h e a t  
t r a n s f e r  r a t e s  t o  t h e  cane along t h e  winbitcard s t r eaml ine  i n  t h e  p lane  
o f  symmetry a 
Nowlan (Ref, 5) extended t h e  a n a l y s i s  of Reshotlco t o  treat t h e  
boundary l a y e r  along says  of  t h e  cone o t h e r  than  i n  t h e  plane of sym- 
metry, Hence, i n  this ease ,  t h e  c r o s s  f l o w  v e l u c i t y  need not  be  z e r o ,  
He found numerleal s o l v t f o n s  t o  t h e  governing equa t ions  f o r  smal l  
angles  o f  a t t a c k  rchlch agreed we l l  wi th  experimental  d a t a  t o  a  p o i n t ,  
For l a r g e r  angles  of  a t t a c k  Nowlan was not  a b l e  eo o b t a i n  s o l u t i o n s  
around t h e  e n t i r e  cone, 
The purpose of t h i s  s tudy i s  t o  gene ra l i ze  t h e  s o l u t i o n s  ob ta ined  
by Moo~e  (Ref, 2)  f o r  t h e  cone a t  smal l  ang le  of a t t a c k  by removing 
t h e  r e s t r i c t i o n s  of i n s u l a t e d  su r f aces  and u n i t  P rand t l  number, The 
s o l u t i o n s  a r e  ob ta ined  by a pe r tu rba t ion  i n  angle  of a t t a c k  about t h e  
zero  angle  of a t t a c k  so%u&ions f o r  t h e  cone, Although t h e  theory  
a p p l i e s  f o r  any cons tan t  Prandt l number, t h e  numerical s o l u t i o n s  a r e  
l i m i t e d  t o  P rand f l  n m b e r s  of 0 ,72  and H,OO, Also , for  t h e  ea se  of  
hea t  t r a n s f e r ,  r e s u l t s  are l imi t ed  t o  cons tan t  w a l l  temperatures f o r  
t h e  cone. The i n s u l a t e d  and hea t  t r m s f e r  problems a r e  r r e a t e d  sep- 
a r a t e l y ,  and t h e  sokut ions  f o r  each a r e  presen ted  i n  t a b u l a r  form s o  
t h a t  f o r  a  particular a p p l r c a t f s n  the  work i s  reduced t o  a r i t hme t f e  
combinations of the t a b u l a t e d  va lues  In  deference 4 ,  it i s  r epo r t ed  
t h a t  G o  M. Low completed an a n a l y s i s  equiva len t  t o  the  one presen ted  
he re in ,  ThaT. s t u d y  eaas never  publ ished and is  presumed lost, 
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11, DERIVATION OF GOVERNXEG EQUATIONS 
11, 1 Coordinaee - Syseam 
This reparc eowa%ders Ehe klw ot a oiacoas, eomp~sss fb le ,  . 
h e a t  e snduc t fng  f l u i d  over a c i r c u l a r  cane ,  FOP a  f l u i d  of s m a l l  
v f s c o s i e p  ( e , g ,  a i r )  it ns known from o b s e m a t 8 a n  chat when t h e  
f l u i d  f lows p a s t  a s o l e d  sunface there 1s a thin Payer where t h e  
v e l o e i e y  of t h e  f l u e d  undergoes a r a p i d  change from t h e  s u r f a c e  
v a l u e  t o  t h a t  a s s o c i a t e d  wrth t h e  l n v a s c ~ d  seeam flaweng p a s t  t h e  
o b j e c t .  I n  chrs  layer  t h e  viscous and lnergna f o r c e s  a r e  s f  
comparable magnitude due t o  t h e  fact  t h a t  $he space  r a % e  of change 
o f  t h e  s h e a r i n g  stzesses may b e  very  l a r g e ,  Using such an  argu- 
men& to o r d e r  che equat l sns  ok motion,  che boundam-layer  e q u a t i o n s  
can b e  o b t s ~ n e d ,  
S i n c e  Moose i n  r e f e r e n c e  1 presented t h e  developmen& s f  t h e  
compresaabPe l a m ~ n a r  bouwdauy l a y e r  equak isns  fog s conseal body 
i n  a d e f i n i t i v e  manner, mosE s f  t h e  f o P f m f n g  E o ~ f m ~ l a e f o n  w i l l  b e  
guided by h i s  a n a l y s i s ,  
Because a c i r c u l a b  cone i s  a  deve lopab le  s u r f a c e  ( f o e , ,  one 
that can be  rol led out xneo a p l a n e  wfthouf s t r e t c h i n g )  i t  is  
p o s s i b l e  t o  d e f f n e  t h e  governing equations an C a r c e s s m  form on 
t h e  geodes ies  of t h e  s u r f a c e ,  Ver i f i ca t ion  of t h i s  by Mager can 
b e  found i n  r e f e r e n c e  6 ,  
For t h e  circular cone she g e o d e s l r s  are t h e  rays and t h e  
c i r c l e s  f n  p l a n e s  nomah fzs t h e  cone axns , Thus we can d e f i n e  t h e  
follow5ng orthogonal  eosrdfnate system:  
1, The body surface is def ined  by y - 8 
2 ,  A po i  nf f s def rwed by the coord ina tes  x ,  y , r(x) s 
where x is khe distance along a ray of t h e  cone, y is ehe d i s t ance  
normal t o  t h e  cone surface,  s i s  a dimensionless  angular  e s o r d f a a t e ,  
and r(x] the r ad ius  sf 8 cross-sectfon of t h e  cone (see f i g u r e  9) 
For a circular cone we have 
~ ( 2 ) s  5t e e z ~i~~~~ i n >  
In this system then, if the velocity components a r e  u, v, and 
w i n  the x ,  y , and s df r ee r f  ons respec t2  ve8y , the eompressfble 
Pmmfnar boundair7 l a y e r  equations for a s teady  flow o f  an i d e a l  gas a r e  
CONTINUITY 
A (pr u) 41 
a d  f&Y 
MOMENTUM 
a w g  & ~ b w  * v h +  !&E___ (2d) 
Bae By 84 
ENERGY 
STATE 
The energy equa t ion  (2e) can be sPmplfPfed  by ~ombinxng  62a) and 
( 2 f )  wi th  ( 2e )  and ~ecallrng the defkwltisn of $he ewehalpp 
h = E + and makxng the  asewptaon t h a t  t h e  PrandeB wmber is  
cons t an t ,  Thus the energy equaglow bsemes 
/ 4 FaA -3. 
PP a:, /* ay 
The a p p r o p ~ f a t a  bouwda's~ cowdi.e%ons f o r  &he above equatlaws are 
" d h 0  o r  - -  (xa~o heat transfer) 
dY 
Yw o r d e r  to exmfne t h e  boundary layer development an a yawed 
cone, i e  is necessaq go have sowe means of desezfbing t h e  fnvfsefd  
f%w f i e l d  aboue  he body, parlacu8arly t h e  compowewcs s f  ve%sc%ty 
and the proper t ie@ of seat@ occurring on ghs  body surface, Sfma 
has  prepared an exEansfvs see af kables  ( R e f ,  7 and 8) whfeh ade- 
quaeely d e s c r i b e s  ehe ~ n v f s c f d  flow f i e l d  p a s t  a circular cons a$ 
small angles of a t t a c k ,  It I s  based 0x1 S~one's t h e o ~  ( R e f ,  13) 
which i s  e s s e n t i a l l y  a p e r ~ a r b a t a a n  of the f law variables tram 
thef  r iiialues ae zero angle ar acCack- Skas > e ~ u i t %  a e t ? ~ s l % g  apply  
a$ t h e  o u t e r  edge of she i ~ ~ t ~ c i i l  layer whfck $s a eransitisn regfew 
i n  which t h e  form of the  entropy changes from a constant value a t  
the  cone su r face  t o  a cosine v a r i a t i o n  t o  f i r s t  order  i n  angle of 
a t t a c k  away from the su r face ,  However, Moore i n  reference 2 argues 
t h a t  the  boundary l aye r  flow is  governed by the  flow f i e l d  ex te rna l  
t o  t h e  v o r t i c a l  l a y e r  i f  the  boundary l aye r  is much th icke r  than the  
v o r t i c a l  l aye r ,  Thus i n  t h i s  case the  r e s u l t s  of Stone 's  theory 
can b e  applied without any appreciabf e e r r o r  being introduced. 
Further  v e r i f i c a t i o n  t h a t  t h e  v o r t i c a l  layer  can be neglected i n  
p r a c t i c e  can be  found i n  reference  9. 
On the  cone surface ,  t h e  theory f o r  small angles of a t t a c k  
used i n  reference 8 y i e l d s  r e s u l t s  which may be  w r i t t e n  i n  t h e  
following dimensionless (see  page 12) manner: 
u:= / + d A  c o s $  ( 4 4  
ur;* = 6 S;N $ (4b) 
= / + , ~ c * s #  (4c) 
= tr - * D c o s $  (4d) 
Where the  coe f f i c i en t s  A, B ,  P2, D a r e  given by the  following rela-  
t ions  i n  terms of q u a n t i t i e s  (evaluated a t  the  cone surface)  
tabula ted  i n  references 7 and 8 and a r e  independent o f d ,  t h e  
angle of a t tack:  
The r i g h t  hand s i d e s  of t h e  above expressions a r e  i n  t h e  n o t a t i o n  
of r e f e rence  8. The s u b s c r i p t  "1" r e f e r s  t o  q u a n t i t i e s  eva lua ted  
a t  zero angle  of a t t a c k  wh i l e  "2" r e f e r s  t o  those  eva lua ted  a t  an 
angle  of a t t a c k .  
Equations (4) g ive  t h e  boundary condi t ions  t o  be imposed on 
t h e  viscous flow a t  t h e  o u t e r  edge of  t h e  boundary l a y e r ,  
11. 3 Def in i t i on  of t h e  Vector Poeen t i a l  
I n  s teady  compressible two-dimensional flow t h e  s t ream func- 
t i o n ,  def ined  s o  a s  t o  f d e n t i  caPly s a t i s f y  t h e  con t inu i ty  equat ion ,  
is introduced i n  order  t o  reduce t h e  number of dependent v a r i a b l e s  
occurr ing  i n  t h e  governing equat ions.  
I n  three-dimensional flows, however, t h e  convent ional  stream 
func t ion  cannot,  i n  gene ra l ,  be  used s i n c e  i t  does not  allow f o r  
t h e  e x t r a  v e l o c i t y  component present  i n  such flows, 
Seeking t o  extend t h e  stream funct ion  concept t o  s teady ,  
three-dimensional flows, Moore i n  r e f e rence  1 introduced a two- 
component vec to r  p o t e n t i a l  whereby t h e  s c a l a r  func t ions  Y and @ 
are def ined  i n  t e r n s  of  t h e  mass flow component by w r i t i n g  
- as p r w  = I,
by 
With t h e s e  d e f i n i t i o n s  the con t inu i ty  equat ion  (2a) is 
i d e n t i c a l l y  s a t i s f i e d  and t h e  number s f  dependent v a r i a b l e s  
reduced by one, Moore i n  re ference  P po in ted  out  t h a t  t h i s  
p a r t i c u l a r  choice  does reduce t o  t h e  eonventfonal  s t ream funct ion  
f o r  two-dimensional flow, and he f u r t h e r  proved t h e  ex i s t ence  of 
t h i s  two component analog t o  t h e  stream func t ion  f o r  three-  
dimensional flows, 
S u b s t i t u t i n g  t h e  d e f i n i t i o n s  (6) i n t o  (2)  and (3), t h e  equa- 
t i o n s  of motion, employing the  subsc r ip t  n o t a t i o n  f o r  p a r t i a l  




F =  P R T  
Here we no te  t h a t  even Lhough = O(1) i n  t h e  boundary 
ay 
l a y e r  t h e  a e t u a l  change i n  p re s su re  i n  t h e  boundary Payer is of 
t h e  o r d e r  of t h e  boundary Payer th ickness  6.  Thus f o r  a  t h i n  
boundary l a y e r  we can assume t h a t  t h e  p re s su re  in t h e  boundary 
l a y e r  does n o t  depend on t h e  normal eo-ordinate and t ake  t h e  
va lue  of t h e  p re s su re  f n  the boundry l a y e r  t o  be  t h e  same a s  
t h a t  i n  t h e  e x t e r n a l  flow, Hence i n  equat ions (7)  w e  have 
P 3 P ( x P s )  t o  o rde r  6 0  
The boundary conditfows to be app l i ed  t o  equat ions  (7) are 
Equation (8c) in i ts  p re sen t  fsm is  no t  convenfent f o r  app l i -  
c a t i o n s ,  bu t  Moore i n  r e f e r enee  f shows thae  ft is p o s s i b l e  t o  
s e p a r a t e  Y and @ wiLh respecK t o  t h e i r  boundary cond i t i ons ,  and 
hence equa t ion  (8c) may be  rep laced  by 
The e f f e c t  of t h f s  s u b s t i & u t i o n  is t h a t  i t  causes  t h e  so lu-  
t i o n s  f o r  Y and @ t o  be  unique, 
P I ,  4 Viscosity-Temperaen= Rela t ion  
I n  t h i s  r epo r t  i t  w i l l  be  assumed t h a t  t h e  v a r i a t i o n  of  
v f seos f ty  w i t h  temperacure w i t h i n  t h e  boundary l a y e r  can be  
adequately represen ted  by t h e  Chapman-Rubesfn r e l a t i o n  (Ref, PO) 
where t h e  ba r r ed  q u a n t f t f e s  r e f e r  t o  p r o p e r t i e s  i n  t h e  f n v i s c i d  
flow f i e l d  a t  ze ro  angle  of a t t a c k ,  eva lua ted  a t  t h e  cone s u r f a c e ,  
The cons tan t  is chosen s o  a s  t o  g i v e  t h e  bes t  agreement 
w i t h  t h e  a c t u a l  v i s c o s i t y  r e l a t i o n  over  t h e  des i r ed  temperature  
range,  For example, if w e  used t h e  Suther land formula f o r  t h e  
v i scos i ty - tempera ture  r e l a t i o n  
and we are i n t e r e s t e d  i n  quaweities n e a r  t h e  s u r f a c e  of t h e  cone, 
then  we p i ck  C s o  t h a t  equat ion (9) i n t e r s e c t s  equat ion  (fO) a t  
Tw Then i t  fol lows thae  
where 
$'= ( 1 9 8 ' ~ )  xP 
G2 
11, 5 N- 
It f s  advantageous ts non-dimensionalfza t h e  governing 
equat ions s o  t h a t  whole f ami l i e s  s f  s o l u t i o n s  t o  t h e  governing 
equat ions can  b e  cha rac t e r i zed  by a  s i n g l e  s e t  of equat ions .  
Since t h i s  r e p o r t  deals wi th  small angles  of a t t a c k ,  and 
t h e  subsequent sma l l  depar tures  of t h e  flaw f i e l d  from t h a t  
occurr ing  a t  zero angle of a t t a c k ,  a l l  phys i ca l  q u a n t i t i e s  s h a l l  
be  nondimenaionalized wi th  r e spec t  to t h e  f n v i s c i d  flow f i e l d  
a t  zero ang le  of attack. Le t t ing  a b a r  (-) denote t h e  property 
a t  zero ang le  of a t t a c k ,  eva lua ted  a t  the  cone s u r f a c e ,  t he  
fol lowing nondfmensfona% q u a n t i t i e s  appear: 
- 
x * ;  y * ;  r *  = X  ; Y(22.) i r(=) @ F e E. 
Since t h i s  problem concerns an  i n f i n i t e  cone t h e r e  is  no 
c h a r a c t e r i s t i c  length  a s  such f o r  t h e  body, The quanti 'ty used, 
- - (-1, can be  considered as a Reynolds number pe r  u n i t  l ength ,  4s 
This  t e m f s  r e l a t e d  EO the propagat ion of viscous e f f e c t s  i n  t h e  
flow, and f o r  t h i  s reason Lagers trom (Ref, P l )  has  r e f  e r r e d  t o  i t 
a s  a "viscous Pength," 
11, 6 Transforna t ions  of Governing Equations 
I f ,  6 .1  Hswargh 'a Transformation 
The system of governing equat ions  given by equatfons (7), 
whi l e  complete, is csmplifca'$ad and would be d i f f i c u l t  t o  so lve ,  
Thus t h e  next  s t e p  i n  &Re devePopment of t h e  problem is  t o  seek  
p o s s i b l e  s i m p l i f i c a t f  ons s f  the  governing equatf ons,  
In an  aetempt eo s imp l i fy  t h e  laminar ,  eompressib1e boundary 
l a y e r  equat ions ,  Howareh developed a t r a n s f o r n a t i o n  which, f o r  
zero p re s su re  g rad ien t  i n  the x-di rec t ion  a n d p  p ropor t iona l  t o  T, 
c o r r e l a t e s  compressible and incompressible  boundary l a y e r s .  By 
s u i t a b l y  s t r e t c h i n g  khe woimal coord ina te ,  he was a b l e  t o  reduce 
t h e  eompressfble b s u n d a q  layer equaeisns go an a l n o s t  fneompres- 
s i b l e  form, 
FOP the  problem under esnsf  d e r a t f  on t h e  f ofPowing t r a n s  forma- 
t i o n s  are employed ( i n  now-dfmensfonalfzed form) fol lowing Moore 
Also, s i n c e  p = p (x, $1 only, w e  have 
a 
- - 
- "- a = f  2-
a x *  3% a ace 
a - a  + ~ - L  - -
as* - a 8  as*  bY 
Applying equa t ions  (91, (121, ( l 3 ) ,  and (14) t o  t h e  governing 




The v e l o c i t i e s  under t h i s  t ransformation a r e  given by 
11. 6. 2 Mangler's Transformation 
The purpose of Mangler's tranqformation is  t o  reduce the 
equat ions f o r  an a x i a l l y  symmetric flow t o  those of a  plane flow. 
The objec t  i s  t o  e l imina te  the  e x p l i c i t  dependence of t h e  "r" 
term i n  the  equat ions (95).  With t h i s  i n  mind, i t  is convenient 
t o  d e f i n e  the  t r ans fomae ion  i n  t h e  following manner: 
Where k is an a r b i t r a r y  constant .  
k * * 
The functions p , p , and T a r e  not transformed. 
Thus, 
The ve loc i ty  components now become 
Applying these  r e l a t i o n s  t o  equations (15) we a r r i v e  a t  
the  following s e t  of equatf ons : 
MOMENTUM 
ENERGY 
The cor responding  boundary c o n d i t i o n s  become: 
A t q  = 0: 
5 ( S o , 0 ) =  F ( $ , o , @ ) = o  (20a) 
~ ? ( k , o , + )  = G(t,o, d )  = O  (20b) 
h X ( 1 A 4 ~ ) =  h*, (20~) 
11. 6 . 3  Supersonic Conical Flow and S i m i l a r i t y  
It is  known t h a t  in t h e  i n v f s e i  d ,  conf caP flow e x i s t i n g  out- 
s i d e  the  boundary l a y e r  on &Re cone f n  supersonic  flow, t h e  f l u i d  
p r o p e r t i e s  ( f  . e ,  , velocf t y  , pres su re ,  dens i ty ,  temperature,  e t e . )  
a r e  cons tan t  a long rays  from the  apex of t h e  cone. In  p a r t i c u l a r ,  
-* 
ps = 0. This impl ies  t h a t  f f  we cons i  de r  t h e  boundary l a y e r  equa- 
t i o n s  along a ray of the cone, t h e r e  w i l l  be no p re s su re  g rad ien t  
i n  t h i s  d i r e c t i o n  and henee a Bfas ius  type s i m i l a r i t y  transforma- 
t i o n  might b e  poss ib l e .  Thus f n  analogy wi th  t h e  Blas ius  a n a l y s i s  
de f ine  
A ;  7 1-* = E[($* jify#~y$] (x*jk 
With t h e s e  d e f i n i t i o n s  t h e  v e l o c i t y  components become 





Since h * = -ZT * equat ion ( 2 3 4  may be  r ewr i t t en  a s  
The boundary condi t ions  (20) a r e  now 
For zero h e a t  t r a n s f e r  r ep l ace  (24c) by 
We have a system of t h r e e  equat ions f o r  the t h r e e  unknowns 
* 
f ,  g ,  T i n  terms of two independent v a r i a b l e s  A ,  4. 
For t h e  case of smal l  angle  of a t t a c k  these  equat ions  a r e  
now reduced t o  a form eons f s t en t  wi th  t h e  e x t e r n a l  flow f i e l d  about 
a yawed cone a s  given by equat ions  (4) .  
2 4. 
111. SOLUTION OF THE GOVERNING EQUATIONS 
111. 1 Formulation of t h e  P e r t u r b a t i o n  Equations 
I n  t he  remafnder of t h i s  r e p o r t ,  t h e  laminar boundary l a y e r  on 
a  yawed cone w i l l  be  t r e a t e d  a s  a p e r t u r b a t i o n  of t h e  b a s i c  flow a t  
zero  ang le  of a t t a c k ,  i .e. ,  w e  wf ll assume t h a t  
L e t t i n g  t h e  s u b s c r i p t  "E" denote  t h e  h a s f c  flow f i e l d ,  and "2" t h e  
f i r s t  o r d e r  c o r r e c t f  on terms we can express  f (A, $I), g(A , $I) , and 
* 
T ( A ,  4 )  as fo l lows:  
$(a,$)= f , ( 2 )  + E AL C O S ~  fZ(%)t-*- (26a- 
It i s  a l s o  p o s s i b l e  t o  express  t h e  p re s su re  and dens i ty  terms 
appearing i n  equat ions (23) i n  p e r t u r b a t f  on form. 
From t h e  r e s u l t s  p resen ted  i n  Sfms Tables (Refs.  7 ,  8) f o r  t h e  
e x t e r n a l  flow f i e l d  we can w r i t e  t h e  p re s su re  d i s t r i b u t i o n  on the 
cone s u r f a c e  t o  f f r s t  o r d e r  in c a s  
* =  j9 ( I +  G ( @ P ~ ) c o s $ )  % (27) 
where P is def ined  by equat ion (5c). 2 
Since  we've assumed t h a t  t h e  p re s su re  does no t  vary through 
>k ?? 
t h e  boundary l a y e r  ( i .e . ,  p = D ) using equa t ion  (27) w e  a r e  
@ 
a b l e  t o  f i n d  
* =  - E ( B P , ) + / N ~  
P" 
>t 
I n  a  s i m i l a r  manner f e  is poss ib l e  t o  express  5 i n  eer turba-  
P 
t l o n  form. From t h e  equatfsm of s t a t e  
* ' 
Multiplying p from equat fsn  (28) by equatf on (29) we have t o  
f i r s t  o rder  i n  E 
S u b s t i t u t i n g  equatfons (261, (28) and (30) i n t o  (23)  and 
0 
equat ing t h e  terms of un f t  o rder  (E ) t o  zero  g i v e  
Next t he  sums of t e m s  of order  E a r e  equated t o  zero ,  g iv ing  
S u b s t i t u t i n g  equatfons ( 4 )  and (26) i n t o  t h e  boundary 
condi t ions  (24) and equating t e m s  of l i k e  o rde r  i n  E def ines  t h e  
h e r e t o f o r e  unspeefffed cons tan ts  A 2 ' B 2 ,  D 2  and provides t he  
necessary boundary condi t ions  t o  which equat ions (31), (32)  and (33)  
a r e  s u b j e c t :  
A,=eA B,=.eB ; D,=QD 
where A ,  B ,  D a r e  def ined  by equat ion (5 ) .  
 YO) = T,*(-)= 7=* 
o VI v'(0) a f3 ( i n s u l a t e d  w a l l )  1 
~2 (0) 0 3 T,*(@)= I 
o r  V'(O\ 0 ( i n s u l a t e d  w a l l )  1 
Due t o  the  boundary e snd i t i ons  (35a) ,  ( 3 6 ) ,  and (37a) t h e  
r e l a t i o n  
must hold i n  order  t h a t  equatfon (32) be s a t i s f i e d  a s  X +- a. 
Hence equat ion (42)  can be w r i t t e n  a s  
Equatfons (31) govern the  ve loc i ty  and thermal boundary l a y e r s  
on a cone a t  zero angle  of a t t a c k  i n  a  supersonic  s t ream. Formally 
they a r e  i d e n t i c a l  to &hose f o r  p lane  flow over a  f l a t  p l a t e ,  the  
d i f f e r e n c e  between the  f l a t  p l a t e  and cone cases  being a  f a c t o r  of  
i n  t h e  def f n f t f  on of  t h e  endependent v a r i a b l e .  We have two 
>\ 
ordinary  d f l f e r e n t i a l  eqeratfows f o r  t h e  unknowns f l (h )  and Tl(h). 
Equations ( 3 3 )  r ep re sen t  the f i r s t  o rde r  co r r ec t ions  f n  the  flow 
f i e l d  due t o  a smal l  angle  of a t t a c k  ( c < < f ) .  There a r e  t h r e e  
ord inary  d i f f e r e n t i a l  erjuatfans fo r  the  t h r e e  unknowns g 2 ( A ) ,  
J( 
fZ(X) and T2(A). 
The only dependent varfabfe appearfng i n  equatfon (3 l a )  is f 1 
s o  t h a t  the  s o l u t i o n  of t h f s  equat ion  i s  independent of a l l  t h e  
fol lowing equat ions ( (31b.b), (33) ) .  Fur themore ,  each succeeding 
equat ion involves only one nev9 dependent v a r i a b l e ,  s o  t h a t  each 
equat ion  can be sa lved  owee t h e  preceding equat ions have been 
so lved ,  With the  a i d  of a computer it i s  poss fb l e  t o  f ind  nuneri-  
c a l  s o l u t i o n s  En a s t r a f g h t f s m a r d  manner. However, be fo re  
proceeding t o  soPoe equations ( (31b),  (33)  ) numerically i t  i s  
advantageous t o  elfrnfnate r h e  pa rane te r s  r e l a t e d  t o  a p a r t i c u l a r  
geometry and flow f i e l d  from the equat ions and boundary condi t ions .  
C * 
The func t ions  T l ( h ) ,  g 2 ( h ) ,  f 2 ( h )  and T ( A )  can be expressed 2 
as l i n e a r  eombfnatfsns of fune t fons  which do not  depend on phys i ca l  
parameters i n  q u e s t i  om. This  yf e l d s  a s e t  of two-point boundary 
va lue  problems v~hich can b e  ssPved once and f o r  a l l ,  independent 
of t h e  phys i ca l  parameters i n  ques t ion .  By t h e  anp ropr i a t e  l f n e a r  
cqmbination s f  t hese  "universa l  func t ions"  i t  is p o s s i b l e  t o  cal- 
c u l a t e  t h e  boundary layer e h a r a e t e r i s t i c s  f o r  any p a r t i c u l a r  problem 
5. n mind. 
111. 2 
For computatisnaf purposes i t  is advantageous t o  cons ider  t h e  
i n s u l a t e d  cone problem separately from t h e  non-insulated one. Thus, 
i n  what fol lows we shall estrsider f n d e ~ e n d e n t l v  t h e  two vroblems: 
t h e  laminar  boundary Bayer ~ 5 t h  ea t  t r a n s f e r  on a vawed cone, and 
t h e  laminar boundary laver on a yawed, Snsula ted  cone. The only 
parameter appearing i n  ohe solution s f  t h e  d i f f e r e n t f a l  equat ions 
i s  t h e  P r a n d t l  number whPch is cons tan t  , but  o t h e m f s e  a r b i t r a r y .  
. ( ~ o t e :  For a cone, t h e  t e r m s  angle  s f  a t t a c k  and yawed a r e  synonymous) 
111. 2 . 1  D i f f e r e n t i a  a t f o n s  f o r  t h e  Flow w i t h  Heat Transfer  
To e l imina te  frhe parameters appearing, i n  equat ions (31) and 
A (33),  and i n  t h e  boundary candf t i sn(37a) ,  t h e  func t ions  T 1 ( A ) ,  
9; 
R A ) ,  f (A), and T 2 ( h )  are expressed a s  a l i n e a r  combination of 2 2 
func t ions  not  depending on these parameters.  Thus, de f ine  
The c o e f f i c i e n t s  i n  these equat ions can be determined f o r  any p a r t i -  
c u l a r  problem from equatfons (5) and Sims ' Tables (Ref. 7 and 8) .  
Upon s u b s t i t u t i n g  equations ( 3 9 )  through (42) i n t o  (31) and (33) .  
t he  following d i f  f e r e n t i a l  equatf ons and boundary condetf ons f o r  
supersonic flow over  a pawed cone wi th  hea t  t r a n s f e r  a r e  obtained:  

We have a s e t  s f  18 unesupled, l i n e a r  (with t h e  except ion 
of equat ion ( 4 3 )  1, srdrnary  df f f e r e n t i a l  equat ions which depend 
only on the  PrandtE mumher, TJfth a  s p e c i f i e d  P r a n d t l  number the  
equat ions may be solved once and f o r  a l l ,  independent of t h e  
phys i ca l  parameters s f  the  probEem. The numerical s o l u t i o n s  t o  
t hese  equat ions  will be b r i e f l y  d iscussed  i n  Appendix A .  The 
r e s u l t s ,  f o r  Prandel  number s f  0.72 and 1 .0 ,  a r e  t abu la t ed  i n  
Tables I and I1 . 
111. 2.2  Diff  exent i  a 1  Equatfons f o r  Flow Nithout Heat Transfer  
The case  of zero h e a t  t r a n s f e r  i s  t r e a t e d  i n  an  analogous 
manner t o  t h e  h e a t  t r a n s f e r  ease  above. We de f ine  
4 (1)  = r ( 1 ) -  
4 2 'El 
S u b s t i t u t f n g  these r e l a t f o n s  i n t o  equat ions (31) and (33)  
y i e l d  the govemf ng equatf  ons and boundary cond i t i ons  f o r  super- 
s o n i c  flow over  an l n su l seed  cane a t  smal l  angle  of a t t a c k :  
For t h i s  case  w e  have t e n  uncoupled, ord inary  d i f f e r e n t i a l  
equat ions ,  aga in  d e ~ e n d f a g  only on t h e  P r a n d t l  number. The 
numerical  s o l u t i o n s  f o r  'these equat ions a r e  obtained i n  the  same 
manner a s  discussed i n  Appendfx A .  The r e s u l t s  f o r  P r a n d t l  
numbers 0.72, and 1.00 a r e  presented i n  Tables I11 and I V .  
I V  BOUNDARY LAYER CHARACTERISTICS 
I n  t h i s  s e c t f  on the  f m ~ o r t a n t  bc undary l a y e r  charac te r5  s t i c s  
a r i s i n g  from a supersonf e f30w over  a yawed cone w i l l  be  senmmmri  zed. 
Before cont inuing i t  should be noted t h a t  t h e  p re sen t  ana lys i s  i s  
v a l i d  only i n  t h e  l i m i t  s f  vanfshing angle of a t t a c k .  That f s ,  a l l  
terms m u l t i p l i e d  by E r ep re sen t  r a t e s  of change wi th  angle of a t t a c k ,  
eva lua ted  a t  zero angle  of atraek. Whether o r  no t  abso lu t e  change 
f o r  a  s m a l l  f i n i t e  angle  of a t t a c k  can be  obta ined  from thf  s theory 
depends on t h e  r e l a t i v e  s f z e  s f  t he  e f f e c t  computed, r a t h e r  than on 
t h e  s i z e  of E ,  and depends f u r t h e r  on t h e  unknown second and h i g h e r  
d e r i v a t i v e s  of t he  quantf ty wf f h  r e spec t  t o  E . 
For ease  i n  app l i ea t fon  s f  t h e  a n a l y s i s ,  the r e s u l t s  f o r  t h e  
flow wi th  and without  hea t  t r a n s f e r  w i l l  be  presented  sepa ra t e ly .  
IV. 1 Flow without  Heat Transfgr  
Veloci ty and Temperature P r s f f l e s  - The c i r cumfe ren t i a l  and 
* * 
merid iona l  v e l o c i t y  components a r e  given by w and u r e spec t ive ly .  
From equat ions (23.219, (261 ,  (62) and (63) we f i n d  
* * 
These equat ions may be divided by we and u given by equat ions 
e 
(4) t o  give ,  f o r  €<el, 
I n  a s i m i l a r  manner using equat ions ( 4 ~ 1 ,  ( 2 6 ~ 1 ,  (61 )  , and (64) 
we f i n d  t h e  following express fsn  f o r  t h e  s t a t i c  temperature r a t i o  
I n  def in ing  h e a t  t ransfer  c o e f f i e f e n t s  t he  a d i a b a t f e  w a l l  tem- 
p e r a t u r e  is a u s e f u l  r e f e renee  temperature.  Renee, f o r  completeness,  
t h e  dimensionless a d i a b a t i c  waf 1 temperature w i  E l  be defined h e r e  a s  
Skin F r i c t i o n  - I n  t e m s  of c o e f f i c i e n t s  t h e  meridional  and 
c i r cumfe ren t i a l  components of t he  vSseous s h e a r  s t r e s s  a t  t h e  w a l l  
may b e  w r i t t e n  a s :  
The q u a n t i t i e s  i n  t h e  above expressions a r e  expressed i n  dimen- 
s i o n a l  form. I n  t e m s  s f  t h e  results presented  i n  t h i s  r e p o r t  we 
can rewrf t e  the  expressions as 
P U X  where Re = --- 
X  
U 
is  a Reynolds number based on the d i s t a n c e  from the  cone apex and on 
t h e  f l u i d  p r o p e r t i e s  evaluated nn t h e  i n v i s c i d  flow a t  t h e  cone su r -  
face f o r  a cone a t  zero angle  s f  a t t a c k .  
I V .  2 Plow t ~ i  t R  Heat Transfer 
Veloci ty and Temperature P r o f f l e s  - Qe dimensfonless v e l o c i t y  
r a t i o s  i n  terms of r e s u l t s  s r e sen ted  i n  t h e  r epo r t  a r e ,  using 
equat ions  ( 4 ) ,  (26a, b )  , (401 ,  and ( 4 l ) ,  gfven by 
The temperature ratf  o fs found by combining equat ions ( 4 c ) ,  
(26c) ,  ( 3 9 ) ,  and (42) : 

A 
The h e a t  t r a n s f e r  coef f Pefent  R(x) is  deffned by 
o r  using (88) 
Denoting t h e  hea t  t ransfer  c o e f f i c i e n t  a t  zero angle  of a t t a c k ,  
h by h ( x ) ,  we can wrice, i n  terms of t h e  t abu la t ed  r e s u l t s ,  f 
* 
where T is  t h e  dimensionless a d i a b a t i c  w a l l  temperature defined 
aw 
by equat ion  (80). 
The l o c a l  hea$ t rans fe r  eesefffeient can a l s o  b e  w r i t t e n  i n  
terms sf t h e  EseaP NussLet number. 
Defi  ne 
subst f tut fng  equations (911, ( 2 6 ~ 1 ,  (391, and ( 4 2 )  fneo (93) gives 
4 + 2 ~ ~ 4 c o j  4 2L.c T2, to) 
=i=@ -ipR 
Temperature Recovery Faeton : 
- -- ---- --- - 
For a calorically perfect gas the recovery factor can be 
defined as 
A 
where To_ is the non-dimensionalized free stream total temperature. 
By combining equations ( 4 d )  and (80) we find that to first order 
in E, the recovery f a c t o r  can be expressed as 
37 
V RESULTS AND COMPARESON TJETH EXPERIMENT 
The r e s u l t s  of the  prevfous s e c t i o n  can now be used t o  de te r -  
mine t h e  v e l o c i t y  and temperarure p r o f i l e s ,  h e a t  t r a n s f e r  r a t e s ,  and 
o the r  boundary l a y e r  e h a r a e t e r f s t i c s  f o r  r e p r e s e n t a t i v e  cones i n  
supersonic  flow. 
Tracy (Ref. 12) measured t h e  h e a t  t r a n s f e r  r a t e s  around a  yawed, 
10" semivertex angle ,  po in ted ,  r f g h t  c i r c u l a r  cone i n  a  f r e e  
stream Mach number e f g h t  flow. Most of t h e  d a t a  was taken a t  a  
Reynolds number of 4 x (based on d i s t a n c e  from the  apex) ,  and 
a w a l l  temperature r a t i o  (Tw/Ttm) of 0.4. The yaw angle  was 
va r i ed  from zero  t o  24". The w a l l  temperature was maintained a t  a  
cons tan t  va lue  w i t h i n  the  bounds of  experimental  e r r o r .  
A comparison between t h e  p re sen t  theory and t h e  experiments 
of Tracy can be made with the  a i d  of equat ion (92). With t h e  f r e e  
s t ream condi t ions  gfven En Tracy 's  r e p o r t  i n  Table I1 f o r  Figure 
S5,  and the  use of equaefons (5) and Sims Tables ,  t h e  c o e f f i c i e n t s  
appearing i n  equat ion (92)  can be  ea l eu la t ed .  Using the  r e s u l t s  of 
Table I f o r  a P r a n d t l  number. of 0.  92, t h e  l o c a l  h e a t  t r a n s f e r  r a t e  
around the  cone can be calculated f o r  d i f f e r e n t  values of t he  angle 
of a t t a c k .  The r e s u l t s  s f  t hese  caPculat ions a r e  presented i n  
Figure 2. 
For angles  of a t t a c k  up t o  6 ' ,  agreement between experiment 
and theory f o r  t h e  e n t i r e  windward po r t ion  of t h e  cone is  q u i t e  good. 
Even f o r  a = 16" ,  t h e  present  theory overes t imates  t he  h e a t  t r a n s f e r  
r a t e  only by 9.6%,  not  an unacceptable e r r o r  conafdering t h e  assumptions 
made i n  t h e  theory-  Beyond ?chis  pofn t  t h e  e r r o r  increases, thus 
i n d i c a t i n g  a breakdo~qn of t h e  Ixnear  theory used i n  t h i s  r epo r t .  
When consfderfng the f l o w  around t h e  e n t f r e  eone, hemever, 
F igure  2 shows t h a t  good agreement i s  obtained only  f o r  va lues  of 
angle  of  a t t a e k  up t o  2 ' ,  By the t i m e  E = 3" t h e r e  f s  a s i g n i f i c a n t  
discrepancy between theory and experfmene f o r  4 = 120°, and f e  g e t s  
worse f o r  l a r g e r  yaw angles ,  T h f s  deviaeion poss ib ly  i n d f e a t e s  t h e  
onse t  o f  separatfow of t h e  b a u n d a ~ y  l a y e r  from t h e  eone s u r f a e e ,  a t  
which pofn t  t h e  theory is no Longer vaPid. One i n d i e a t i o n  of  t h e  
onse t  of  s e p a r a t i o n  i s  t h e  ~ a ~ i a h l ~ g  of t he  s h e a r  s t r e s s  a t  t he  
w a l l ,  T - ~ ,  I n  Figure 7, she sk%n fPPetEoa e o e f f f e f e n t  f s  p l o t t e d  
versus  t h e  cf r e m f e r e a t i a l  cone angle f o r  va r ious  yaw ang le s ,  The 
curves c l e a r l y  show the  sk%w 9rictAon apprsaehfng zero  a s  t h e  angle  
- 
of a t t a e k  is  inc reased ,  Pnsthermore,  f o r  i n c r e a s i n g  a ,  t h e  s k f n  
f r i c t i o n  approaches zero f o r  smaller efrcs~tmferantfal  cone angles .  
Thus, t h e r e  is a qualitateve ~ e l a t f a n s h f p  between t h e  discrepancy 
of t he  eheory and ewpezimeat f o r  t h e  Yoeal h e a t  t r a n s f e r  r a t e  and 
t h e  vanish ing  s f  t h e  shear  steess a t  t h e  w a l l ,  T h i s ,  coupled wi th  
t h e  f a c t  t h a t  t he  hea t  t ransfer  rate inc reases  when t h e  flow s e p a r a t e s ,  
enhances t h e  p o s s i b i l i t y  t h a t  separat ion of t h e  flow has  occurred,  
Another pos s fb l e  expl&aat,aw f o r  t h i s  d l  screpaney is  t h e  inadequacy 
of t h e  fnv f se fd  flow f i e l d  theory near ehe leeward p o r t i o n  of t h e  
cone ( s ee  R e f .  3.21, 
F igure  3 shows the heat  tzarisfez Pate versus  angle  s f  a t t a c k  i n  
t h e  mast wfndward Q$ = 0 )  and raeward (Q, = 180') planes  of symmetry. 
The  theory  agrees f avs rab ly  wrin % r a c y ' s  r e s a l t s  i n  t he  windward p l ane  of  
symmetry f o r  aSI angles  DE azeaek, ehe maximum e r r o r  being 9 .6% f o r  
a = l6", In che Paewaaci g ldne af s)xme%ry, however, t h e  theory fails f o r  
ang le s  of a teaek  g r e a t e r  than six degrees ,  
The e f f e c t  of t h e  Prandka number va raa t i an  on the  hea t  t r a n s f e r  
rate due t o  angle  s f  a t t a ck  can be  seen by cons ider ing  Figure 6 ,  On 
t h e  windward p o r t i o n  sf %he cane, a P r a n d t l  number s f  6.72 r e s u l t s  
i n  a sma l l e r  hea t  rransrer racso rhdn dlat ocernr~ing  f o r  P r  = 1.00, 
t h e  d i f f e r e n c e  between the two becsming more pronounced a s  t h e  
angle  of a t t a e k  i n c r e a s e s ,  On t n e  leeward sfde s f  t h e  cone, however, 
t he  d f f f e r e n e e s  a r e  qulke swalP, Ln aLS cases  t h e  hea t  t r a n s f e r  
v a r i e d  roughly a s  The  effect or  P r a n d t l  number on t h e  
v e l o e f t y  p r o f i l e s  was q u l t e  s~%aLl and t h e r e f o r e  was n o t  e x p f f e f t l y  
d i sp layed  m Pxgure 4, Consequently the  P r a n d t l  number had a neg l i -  
g i b l e  e f f e c t  on t h e  s k i n  kcls.cxon, 
Figure 8 shows khe v e r r d s n s n  of t n e  c i rcumferent ia l .  v e l o c i t y  
r a t i o  and t h e  s k i n  frxcrnon coe r f i exen t  f o r  i n s u l a t e d  and noninsul-  
a t e d  su r f aces .  The v e f c ~ c ~ ~ y  ra t la  reaches a much h ighe r  maximum f o r  
t h e  i n s u l a t e d  wal l  thaw for  t h e  w a l l  admi t t ing  hea t  t r a n s f e r ,  Also, 
t h e  s k i n  f r f c t l o n  eueffecrent ns higher f o r  t h e  i n s u l a t e d  s u r f a c e  on 
t h e  windx;lard p o r t i o n  or  the  cone and Power on the  leeward s i d e  than  
f o r  t h e  nsn-fnsuls ted wall, I n  F igure  5 t h e  s t a t r c  temperature  pro- 
f i l e s  a r e  p l o t t e d  f o r  nnsalated and noninsu la ted  w a l l s  i n  t h e  p l anes  
of symmetry, 
Pxgures 2 and 3 show t h a t  t h e  angle of a t t a e k  has  a s i g n i f i c a n t  
e f f e c t  on t h e  hea t  t ransfer  rate  to ehe enne, causing an i n c r e a s e  
In h e a t  t r a n s f e r  on t h e  W ~ n d w a g d  s ~ a e  and a d e c ~ e a s e  on the leeward 
s i d e  from t h a r  oceurrlng at Z E L C  yaw. A s l rn~kar  e t f e c t  i s  noted In 
Figure  7 f o r  t h e  s k i n  f r i c t i o n  coefficient, PrnaBlp Figures  4 and 5 
d i s p l a y  t h e  changes i n  t h e  merfdional  velocity profile and t h e  s t a t i c  
temperature  r a t i o  which occur  a t  angle  of a t t a c k .  
Figure 9 g ives  t h e  v a r i a t i o n  of t h e  temperaeure recovery f a c t o r ,  
r ve r sus  t h e  angle  of a t t a c k  i n  t he  windward and leeward p lanes  of f '  
symmetry f o r  a P r a n d t l  number of 0.72. A t  zero yaw, r = 0.844, a  f 
va lue  which agrees  qu i ee  cPosePy wi th  t h e  accepted value of r = Pr 11 2 f 
f o r  laminar flow. The recovery f a c t o r  i n c r e a s e s  s l i g h t l y  on t h e  
windward s i d e  and deereases  s l i g h t l y  on t h e  leeward s i d e  of t h e  cone 
as t h e  angle  of a t t a c k  i s  inc reased .  
A s  mentioned i n  t h e  i n t roduc t ion  G.M. Low considered an  equfva- 
l e n t  a n a l y s i s  t o  t h e  one presen ted  i n  t h i s  r e p o r t  which was never  
publ i shed .  However, Keshotks i n  r e f e r ence  4 has  t abu la t ed  i n  Table  I1 
s e v e r a l  q u a n t i t i e s  from Low's a n a l y s i s .  The numbers i n  t h a t  r e p o r t  
I I 
a r e  given by t h e  parameter Q and a r e  r e l a t e d  to t h e  shea r  i n  t h e  
w 
c i r c u m f e r e n t i a l  d i r e c t t o n .  The equ iva l en t  parameter i n  t h i s  r e p o r t  
I !  
i s  given by g2(0), equat ion  (40)-  For a l l  a p p l i c a b l e  cond i t i ons  
I 1  
given i n  Reshotko's r e p o r t  t h e  maximum discrepancy between $ and 
W 
I t  
g2(0) was found t o  be 0.0111, an e r r o r  oE 0.59%, A f u r t h e r  check 
on t h e  accuracy of t h e  s o l u t i o n s  presen ted  i n  t h i s  r epo r t  was made 
by comparing t h e  i n s u l a t e d  w a l l  r e s u l t s  w i th  those ob ta ined  by Moore 
i n  r e f e r ence  2. No s i g n i f i c a n t  d i f f e r e n c e s  appeared in comparing 
t h e  p re sen t  approach wi th  Moore's r e s u l t s .  
E t  should be remarked t h a t  ch i s  a n a l y s i s  w f l l  apply t o  any 
Mach number g r e a t e r  than one a s  Bong as w e  s t a y  w i t h i n  t h e  lipnits s f  
i d e a l  gas  a n a l y s i s  and t h e  Sims Tables .  
VI, CONCLUSIONS 
The governing equaeions  f o r  rhe compress ib le  l aminar  boundary 
l a y e r  about  a  c i r c u l a r  eone a t  a  s m a l l  a n g l e  o f  a t t a c k  have been 
o b t a i n e d  by a  p e r t u r b a t i o n  o f  t h e  f low a t  z e r o  a n g l e  of a t t a c k .  
The form o f  t h e  perturbation q u a n t i t i e s  was chosen t o  b e  compat ib le  
w i t h  t h e  s trearn boundary eondi  t i o n s  provf  ded by t h e  i n v i s c i d  per-  
t u r b a t i o n  t h e o r y .  
By t h e  a p n r o p r i a t e  l i n e a r  combination o f  t e r m s ,  a s e t  of 
o r d i n a r y  d i f f e r e n t i a l  eqrnatxons f o r  u n i v e r s a l  f u n c t i o n s  i s  o b t a i n e d ,  
and i s  s o l v e d  once  and fox 311, independent  of anv p a r t i c u l a r  
s u r f  a c e  Qeometry and ffov? con$% t z o n s  . These f u n c t f  ons a r e  tabu-  
l a t e d  f o r  b o t h  insu l . a ted  and n o n ~ n s u l a t e d  s u r f a c e s  f o r  P r a n d t l  
numbers of 0 .72  and 1 . 0 0 ,  
Agreement het.i,reen t h e  t h e o r y  and e x p e r i m e n t a l  d a t a  is  found t o  
be q u i t e  good i n  t h e  I n s s t  vi ndwsrd s t r e a m l f n e  f o r  yaw a n g l e s  up t o  
12O. r,*%en cons idersng  t h e  fIPo~s around t h e  e n t l  r c  cone discrepancies 
arise f o r  an21es of a t t a c k  g r e a t e r  t h a n  2'. T h i s  n o s s i b l v  f n d i c a t e s  
t h e  o n s e t  o f  s e n a r a t i a n  of t h e  hounclary La~rsr. 
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Numerical Pntegraion s f  Universal  Functions 
Each of t h e  d i f f e r e n t i a l  equat ions  given by equatfons (43) 
through (60) f o r  t he  h e a t  t r a n s f e r  case ,  and (65) through (34) 
f o r  t h e  i n s u l a t e d  ~ q a l f  case ,  c o n s t i  t u t e s  a two-point boundary 
va lue  problem. With t h e  except ion of BEasfus equat ion  ( f o e .  
f ( 3 )  ) a l l  t h e  equat ions a r e  l i n e a r ,  and t h e  supe rpos i t i on  prin- 
c i p l e  can b e  used t o  s a t i s f y  t h e  boundary condi t ions  a t  i n f  f n i  t y  , 
The method can b e  smmar i  zed a s  fol lows (Ref. 14) .  Suppose 
and yla) = A , 3(b) = 8 asxc .6  
is t h e  two-point boundary va lue  problem under cons ide ra t ion ,  
Let u(x)  b e  any s o l u t i o n  of 
which s a t i s f i e s  t h e  condi t ion  u(a)  = A 
Fur the r ,  l e t  v (x)  b e  any n o n t r i v i a l  s o l u t i o n  s a t i s f y i n g  t h e  
homogeneous equat ion  
s a t i s f y i n g  v ( a )  =o 
then t h e  s o l u t i o n  t o  (A-1) is  gEven by 
As long a s  P (x) , Q (x) , and F (x) a r e  c o n t i  nuous i n  ( a  ,b  ) , t h e  
1 1 
i n i t i a l  s l o p e s  u  (a )  and v ( a )  a r e  chosen a r b i t r a r i l y  a s  Psng a s  
t 
v (a)  # 0. 
The Blas ius  equat ion was i n t e g r a t e d  using a n  Adams-Moulton 
i n t e g r a t i o n  scheme using one c o r r e c t i o n  per  s t e p ,  wh i l e  t h e  l i n e a r  
equat ions were i n t e g r a t e d  using a Forth-Order Runge-Kutta method. 
For a91  equat ions a  f i xed  s t e p  s i z e  of 0.02 was used, 
APPENDIX B 
ExpPanatfon of Tables  
The followf ng t a b l e s  a r e  reproduced d i r e c t l y  from t h e  
p r i n t e d  computer ou tput ,  Hence some c f a r f f i c a t i s n  f s  needed 
concernfng t h e  symbols given i n  the t a b l e s  and those  presented 
i n  t h e  r epo r t .  
I n  Tables  I and I1 we have t h e  foLPo~qfng correspondence 
between t h e  symbols : 
In Tables LIT and LV 
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